PROPERTIES OF PARABOLIC SOBOLEV AND PARABOLIC BESOV 

SPACES 



TONGKEUN CHANG 

Abstract. In this paper, we characterize parabolic Besov and parabolic Sobolev spaces 
in R n+1 and RJ +1 , T > 0. We also, study the relation between parabolic Besov spaces 
in RJ, T > and standard Besov space in R™. 
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1. Introduction 

In this paper, we study the properties of the parabolic Besov spaces Bp 2 (R n+1 ) and 
the parabolic Sobolev spaces £a(R™ +1 ) for 1 < p < oo, a G R. We also, study the relation 
between the parabolic Besov spaces in R^ = {(X, t) \ X € R n , < t < T}, < T < oo 
and the standard Besov space in R n . 

The parabolic Sobolev spaces were studied in [9] and [17] . The authors in [9] proved the 
trace theorem of parabolic functions which is similar to the usual Sobolev spaces (see [2]). 
In fact, the parabolic Besov and the parabolic Sobolev spaces are particular case of the 
anisotropic Sobolev spaces and anisotropic Besov spaces, respectively, with dilation matrix 
6 e = (e 2 ,e,--- ,e) (see 0, 0, [H] and US]). 

For the properties about the usual Besov and Sobolev spaces, we refer [2], [15], [16], [18] , 
[20] and the references therein. 

The Besov and Sobolev spaces have being used in boundary value problems of several 
elliptic type partial differential equations in bounded domain in R n . When boundary data 
is given with the function in some Besov or Sobolev spaces, one can find the solutions of 
the boundary value problems of elliptic type partial differential equations which contained 
in the corresponding spaces with boundary data (see [1], [5], [8], [TT]). 

Like the Besov and Sobolev spaces, functions in parabolic Besov and Sobolev spaces can 
be used with boundary data and solutions of initial-boundary value problems of parabolic 
type partial differential equations in bounded cylinder (see [12] for the case heat equation). 
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In section [21 we introduce a parabolic Sobolev space £a(R n+1 ) and parabolic Besov space 
Bp'^ a (R n+1 ). The properties to the parabolic Sobolev and parabolic Besov spaces are also 
stated. 

In section [3j we show that / G £a(R n+1 ), 1 < p < oo, a G R is equivalent to 
/, D X J, Dff G ££_ x (R n+1 ) for all 1 < k < n (see TheoremEU), and that / G Bp^ a {R n+1 ), 

1 < P < oo, a G R is equivalent to f,D x J,D?f G ^~ 1 ''°'~'(R n+1 ) for all 1 < * < n 

i 

(see Theorem I3.4p . Here -D 4 2 is a fractional differential operator whose Fourier transform in 

~T i ~ 

term of t variable is defined by D£ f(X,r) = \t\ 2 f(X, r). 

Our result in section [3] can be compared with the results of V. Gopala Rao and B. Frank 
Jones. In [T7|, V. Gopala Rao showed that / G £a(R n+1 ) is equivalent to /, D t (f * h\) G 
£^_ 1 (R n+1 ), where * is a convolution in R n+1 and h\(X,t) = c±t 2 e~^~ if t > and 
hi(X,t) = if £ < 0. In |10j . B. Frank Jones induced several equivalent norms of parabolic 
Besov spaces. He also showed that / G £>p' 5 ° (R n+1 ), 1 < p < 00, aGRis equivalent to 
/, D Xfc / G ep _1 '^"^(R n+1 ) and A/ G E^~ 2 '^ a ~ 1 (R n+1 ). 

In section 01 we characterize the parabolic Besov spaces in R^ = {(X, t) G R n+1 | < 
t < T}, < T < 00. We show that the parabolic Besov spaces in R^> are also interpolation 
spaces and have the same properties as the Theorem 13.41 

In the section [5l we study the properties of the solution u of the heat equation with 

Ct — — (y —a 

initial data / G B p p (R n ). We show that u G B p ' 2 (RJ), and we investigate an equiv- 
alent relation between the parabolic Besov norm llnll „ i and the usual Besov norm 

11/11 a _2 . For < a, 1 < p < 00 and / G B p p (R n ), we define a function by 
B v P (R") 

(i,) u ( x, -< /, r,x -,,)>=_{ ^l*:^ Y)i lf 1 1 1 

n \X\ 2 

where T(X,t) = c n t 2 e « if t > and r(X,i) = if t < 0, and < •, • >a is duality 
pairing between B p p (R n ) and B q p (R n ), ± + ± = 1. It is easy to see that u is a solution 
to the heat equation in RJ^ with the initial value /. Our main result in section [5] are stated 
as follows. 

Theorem 1.1. Let f G B p P (R") and u be defined by Let I < p < 00, a > and 

?p'^ Q (R£) with 



B p ? (R») B p P (R") 
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The notation A ~ B means that there are positive constants c and C independent of / 
such that c < -g < C. Our result can be compared with the result of H. Triebel. In section 
1.8.1 in [22], H. Triebel showed that for 1 < p < oo and a > | and m > \{a — |), 

v J JR" B p P (R«) 

In this paper, we denote that A < B means that A < cB for positive constant c depending 
only on n,p, and T. We denote : as the Fourier transform in R, R n or R n+1 . 

2. Parabolic Sobolev and parabolic Besov spaces on R n+1 

For a G R, we consider a distribution H a {^,T) whose Fourier transform in R n+1 is 
defined by 

Ha(^r) = c a (l + 4vr 2 |e| 2 +ir)-f , (£,r) G R n x R. 
For a G R, 1 < p < oo, we define the parabolic Sobolev space £a(R n+1 ) by 

£V a (B n+1 ) = {feS'(R, n+1 )\f = H a *g, for some 5 G L p (R n+1 )} 
with norm 

Il/Il/:S(R"+ 1 ) := HsIIlp(R"+1) (= \\H-a * /||lp(R«+1)), 

where * is a convolution in R™ +1 and 5 (R n+1 ) is the dual space of the Schwartz space 
cS(R™ +1 ). In particular, when a = 0, we have that £g(R n+1 ) = LP(R n+1 ). 
Next, we define a parabolic Besov space. Let cj) G 5(R™ +1 ) such that 

<^(f,r)>0 on 2- 1 < |f I + |t|3 < 2, 
0(C) T ) = elsewhere , 
E-oo< 4 <oo^(2-^,2- 2 V) = 1 ((f,r) ^ (0,0)). 

We define functions fa, ip € 5(R n+1 ) whose Fourier transforms are written by 

(21) =^(2-*e,2- 2i r) (t = 0,±l,±2,...) 

£(M =1-^10(2-^,2-^). 

Note that & = 2^ l+2 > (f>(2 1 X , 2 2i t). For q G R we define the parabolic Besov space 

Bpq^ a (R n+l ) by 

B^ a (R n+1 ) = {/ G S'(R" +1 ) I 11/11 Q ,i Q < 00} 

with the norms 

„,*«, = = 11^ * /IIlp + ( E ( 2 "H^ * /M ff )«> 1 < 9 < 00, 

apq l<i<oo 

Q ,i a :=sup(||^*/|| LP , 2 Qi ||^*/|| L p), 
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where * is a convolution in R n+1 . When p = q, we simply denote Bp^ a by Bp'* a . 

The following properties can be shown by the same argument as for the usual Sobolev 
space and the Besov space in R n . 

Proposition 2.1. (1) The definition of Bpq^ a (R n+l ) does not depend on the choice of 
the function <j), 

(2) The real interpolation method gives 

for 1 < p < oo, a = (1 — 0)ao + 9a\, < 9 < 1, and 

/or ao 7^ ai, 1 < p, r, go, gi < oo, a = (1 — #)ao + flai. 

(3) For < a < 2, the the parabolic Besov norm \\f\\ a i a is equivalent to the norm 

(M) Vhr + (f f 

WrWrxR |t_ s |l+2P Q / 

+ ( / / inx+Y - t) - v ^: t) ~ ,(x ~ Y - t)lP "^) ' 

Wr Jr»xR" |y|n.+pa J 



if 1 < P < oo; 

|/(X,t)-/(X, S ) 



(2.3) + sup 



X,t,s~t£s \t — s\^ pa 

\f(X + Y,t) -2f(X,t) - f(X -Y,t)\ p 

i/p = oo. 

(4) The operator Sq : CF a — > £- P a+ g, S a f = H a * f is isomorphism for all a, 6 € R and 
1 < p < oo. 

(5) 5(R n+1 ) is dense subset of C p a (R n+1 ) for all a G R and 1 < p < oo. 

(6) £^(R" +1 ) C £g 2 (R" +1 ) /or a 2 < ai. 

For the details of the proof of Proposition 12.11 we refer [2] for (2) (in particular Definition 
6.2.2, Theorem 6.2.4 and Theorem 6.4.5 in [2]), and refer [7] (Theorem 3) for (3). It is not 
difficult to derive (4) -(6) (see [2]). 

For the sake of later use, we define L p (R n )- multiplier ( L p (R n+1 )- multiplier) as follows. 

Definition 2.2. We say that p G S'(R n ) is L p (R n ) -multiplier if 
(2-4) ||^-V/)IUp(R«)<M||/|Up (Rn) 
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for all f 6 <S(R n ), where J-~ 1 (f) is the inverse Fourier transform of f. We call the minimal 
constant M satisfying (j2.4|) LP -mutiplier norm of \x. 

Similarly, we define L p (R n+1 )-multiplier. We introduce the Marcinkiewicz multiplier 
theorem (see Theorem 4.6' in [18]). 

Proposition 2.3. Let m be a bounded function on R n \ {0}. Suppose also 

(a) H0\<B, 

(b) for each < k < n, 

as p ranges over dyadic rectangles o/R fc (Lf k = n, the " sup " sign is omitted). 

(c) The condition analogous to (b) is valid for every for one of the n\ permutations of 
the variables £i, £2, • • • Cn- 

Then mu is L p -multiplier, 1 < p < 00 and the multiplier norm depend only on B, p and n. 

We denote by D l x , i € N U {0} the i times derivatives with respect to X^. When i = 1, 

we denote D 1 Xk = D Xk - We also denote D x by the D x \---D^ n for /3 G (N U {0}) n . 

1 

We denote by D 2 the pseudo-differential operator whose Fourier transform is defined by 

1 A 

Df /(r) = |t|2/(t) for complex-valued function /. It is well-known that 

(2.5) Dff(t) = c[ m - f i s) ds 

Jr \t — s| 2 

for complex-value function /. For non-negative integer, we also denote D\f by i times 

i+I I . 11 

derivatives of / and D t 2 f by D 2 D\f, respectively. Note that Dtf = HD2 D% f . 



3. The properties of parabolic Sobolev and parabolic Besov spaces 
In this section, we study the properties of parabolic Sobolev and parabolic Besov spaces. 

Theorem 3.1. Let 1< p < 00 and a € R. Then f € £g(R n+1 ) if and only if f, D X J, Df f G 
>Cq_ 1 (R™ +1 ) /or all 1 < k < n. Furthermore, 

(3-i) 11/11^11/11^ + E + P ? *vik_ 1 - 

l<fc<n 
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Proof. First, we assume a = 1. Suppose / 6 £^(R n+1 ) so that / = Hi * g for some 
5 G L p (R n+1 ). Then, for 1 < k < n, we have 

f3 2^ 5xT? = — r9, D\f= ^ r9- 

Applying Proposition ^. 31 we have that Uifc(£, rl = ~ 27r £fc r , U2(£,,i~) = — r 

(l+47r 2 |£| 2 +i-r)2 (l+47r 2 |£| 2 +rr)2 

are L p (R n+1 ) multipliers for 1 < p < oo. Then, from (13. 2p . we get 

\\DxJ\\lp = WF-^ikforMWl* Z hhr = \\f\\c* 1 < fc < n, 

IIAVIIlp = W^MMMlp < \\g\\LP = WfWci- 

From (6) in Proposition 12.11 we obtain < ll/llz^- Hence, we proved the one-side of 

Theorem 13.11 

i 

Now, we prove the converse inequality. Suppose /, f, Dx k f G L p (R n+1 ), 1 < k < n. 
We claim that / = Hi * g for some g G L p (R n+1 ) satisfying 

(3-3) \\g\\ L v < (H/IIlp + £ Px k /||£p + p t V||Lp). 

l<fc<n 

If then, f = Hi*ge £{(R n+1 ) with < (||/|| LP + Ei< fe < n PxJIIlp + llAVlb), 

and this will complete the proof of Theorem 13.11 

To prove the claim, let us Rk, 1 < k < n be Riesz transforms in R n . Then, we have 

T- l ({l + \Z\ + \T\ l 2)f) = f+ Rk§f+D}feL p CR n+1 ). 

\<k<n k 



Set tf(£,r) = u+4 " f and<? = K* ( /+Ei< fc <„ ^fc^+AV • Applying Proposition 

we have that -ff(£,r) is L p (R n+1 )-multiplier. Hence we have g G L p (R n+1 ). Hence, 



(HTTP holds for a = 1. 

For general a G R, by (4) in Proposition 12.11 we have that S^-i : C\ — > £q and : 

L p — )• are isomorphism whose inverses are 5""^ = S~ a+ i. Note that Dx k S~ a+ if = 

i i 
S- a+ iD Xk f and S- a+ if = S- a+ iD?f. Hence, we get 

f££ p a ^ S~\f = S. a+ if G C* 

5-a+i/, ^x fc S_ a+1 /(= S_ a+lJ D Xfe /), Dj>S- a+ if(= S- a+ iDlf) G 
DlfeC p a _ v 

Hence, we complete the proof of (|3.ip . □ 
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Corollary 3.2. Let 1 < p < oo and a G R. Then f G £^(R n+1 ) i/ and on/y i/ 
/, D Xk D x J, D t f G L p (R n+1 ) /or alll<k,l< n. Furthermore, 

(3.4) H/lk « Il/H^„ 2 + Eo< fc ,Kn P**^,/llz*_ a + \\Df\\cl_ 2 - 

Proof. As the proof of Theorem 13.11 it suffices to show the Corollary when a = 2. Suppose 
/ G £ 2 (R n+1 ). Since C p (R n+1 ) = L p (R n+1 ), applying the Theorem O two times, we have 

« ll/lb + E < fc <n PaJIIl, + II Dff\\ LP + Eo< fe ,K„ Pm/IIl, 

+ Eo< fc <nllA l J DxJ||L J > + ||A/||L,. 

Hence, if / G £^(R n+1 ), then we have 

||/||l,+ E 11^^/11^ + ll§lb< 11/11^. 

0<k,l<n 

Conversely, suppose that /, D Xk D x J, D t f G L p (R n+1 ). Note that applying Proposition 

£21 we have that u^t) = 1+ Jl|^ +ir , «*2,k(£,r) = 1+4 ^ +ir , ^,fc(M = 1+ 2 ^|j[J+ iT , 
1 < p < 00 are L p (R n+1 )-multipliers. Then, we have 

, . AV = ^i(e,r)(l+47r 2 |C| 2 +ir)/, 5^7 = i/ 2ifc (e,r)(l+47r 2 |e| 2 +ir)/, 
(3-6) . 

I> t W fc / = M£,t)(1 + 4tt 2 |£| 2 + ir)/. 

Note that + 4tt 2 |^| 2 +ir)/) = f + Y,i<k<n D xJ + D tf ■ Hence, from (|33]) . we have 

(3.7) i 

UAVIU* + P^/IIl* + HA^xJIIlp < (H/IIlp + IIA/IIlp + X) Il^^/IM- 

l<fc,Kn 

With (|3.5p . (|3.7p and the assumption, this implies 

ll/llrs £ (II/IIlp + E IPx^/lliP + llA/M- 

0<fc,K™ 

Hence, we completed the proof of Corollary 13.21 □ 

Now, we define parabolic Sobolev space Wp 2 (R n+1 ) and Wp Q '°(R n+1 ) for positive 
integer a and 1 < p < 00 by 

'^(R n+1 ) : = {/ G L p (R n+1 ) I Dj-AV g £ p (R™ +1 ), 101 + i < a }, 



H/ 2a ' Q (R n+1 ) : = {/ G L p (R n+1 ) I D x D\f G L p (R n+1 ), |/3| + 21 < 2a } 



'p ) ■ — \j c ^ v-^ ) 1 XJ X 

with norms 

v9 ni' 



Y, \\D x D?f\\ LP , ||/||^:= E P^I/IUp- 

/3| + i«<a |/3|+'<2a 
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Remark 3.3. (1) From the Theorem \3.1\ and Corollarv \3.2l if a is non-negative integer 
and 1 < p < oo, then we have 

(3.8) ££(R n+1 ) = Wp^ a (R n+1 ), C p 2a (R n+1 ) = % 2Q ' a (R n+1 ) = W^ a ' a (R n+1 ) 

with the equivalent norms. 
(2) When p = 1 or p = oo, the spaces £o(R n+1 ) and Wp Q ' 5 °(R n+1 ) are different spaces, 
and C^ a (Yi n+1 ), Wp a ' a (R n+l ) and Wp a ' a (R n+1 ) are different spaces each other. 

Next, we study about the properties of parabolic Besov spaces. 

Theorem 3.4. Let 1 < p < oo and a G R. Then f G Bp' 1 " (R n+1 ) if and only if 
f,D x J,D?f G -Bp" 1 ^ Q ~ 5 (R n+1 ) for alll<k<n. Furthermore, 

(3-9) ll/H * « ll/H + ^ ll^*/L-i.i-4 + IIAVll M «,-i,4«-4- 

»P »P 1 < fc <„ »P «P 

Proof. If 1 < p < oo, then by Theorem 13.11 and the property of interpolation spaces (see (2) 
of Proposition l2.ip . (|3.9p holds. Hence we have only to consider the critical case p = 1 and 
p = oo. Since the proofs are exactly same, we only prove in the case of p = 1. 

Suppose that / G £>°'^ a (R n+1 ). Then by the definition of the parabolic Besov space, we 
have 

11/11 „,la = H/*V'IUl+ £ 2 ai ||/*0 i |U 1 <OO. 
1 l<i<oo 

Note that by construction of ip and (pi in section [2j we have ^ + 0i + 02 = 1 in supp (-0 + 0i ) 
and + fa + 0i+i = 1 in supp (pi for i > 2. Hence, using £>x fc (/ * 5) = ( D X k f) * 9 = 
f * (D Xk g), we have 

(D Xk f) *ip = / * ^ * £x fc W> + 01 + ^2), 
(D Xk f) * 01 = / * 01 * £>x fe (V' + 01 + 02), 
{D Xk f) * 4>i = f * 4>i * D Xk (4> i ^ 1 + 4>i + i+ i), i > 2. 

Note that ||.Dx j .V'IIl 1 < and ||Z)x fc 0i||i y i < 2\ Hence, by Young's inequality, we have 

\\{DxJ)*n^ < ll/*V>M|£>x fe (t/> + 0i + 2 )||^ < II/*^IIli, 
ll(-Dx fe /) *0i||li < 11/ *<£iIIli 11-^(^ + 01 + <h)hi ^ 

||(^ fc /)*0 l ||Li < ||/*0 i ||LiPx fc (0 J -l+0 J +0 i -l)||L 1 <2i|/*0 4 || L i, i>2. 
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Hence, we have 



\\Dx k f\\^ a -l t = \\D Xk f*n»+ £ ^ a ' 1]i \\D X j *^\\ L1 

1 Ki<oo 



l<i<oo 



Similarly, we obtain 



(D t V) * 0i = / * 0i * £f (</> + 0i + 2 ), 

= D? (0i_i + 0i + i+ i), i > 2. 



Note that using (|2.5p and change of variables, we have 



i 



D?U» = c/ R „ + i 1 J n UX > t] -*f' s) ds\dXdt 

Bj 2 (R"+ 1 ) 



(3.10) 



t->J 



B 1 ' 2 (R«+ 1 ) 



i 



As the same reason to the case of Dx k f, using Young's inequality, we have \\D? f\\ a _ lt i a _i < 



a _ 1 i a _i . Hence, we proved one side of (|3.9p . 

i 

Conversely, we suppose that ||/|| a ^ a .i,\\D Xk f\\ a -i,$ a -i,\\ D t f\\ a-i,$«-£ < °°- 

Bj Bj Bj 

Since is supported in {(£, r) GR n+1 [2~ 1 < [£| + |r[2 < 2}, we have that rz4^?i|pr^) 0(£i T ) G 
5(R n+1 ). We define $ and by the functions whose Fourier transforms are written by 
Htr) = _ 4 ^|g|^ r 0(e,T) and l.^.r) = 6(2"^, 2~ 2 V). Then, for i > 2, we have 

/*0i = /0i(0i-l + 0i + 0i+l) 

(3.11) 

+2- 2i D?f$ i (HD?<f> i _ 1 + ffJ?/^ + HD*<i> i+1 ), 



2" 2J El< fc <n S^?0i (^^*T-1 + + ^A^7+l) 

"~t~~ „ r~~~ i 1 
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1 1 

where H is the Hilbert transform. We used the fact that Dt& = HD£ D£&. Note that 
\\DxMlA S 2 '- Moreover, 

HD?$ i (X,t) = Km [ SWn{t ~ i S h l (X,s)ds 

*-+ Q Je<\t-s\<\ \t-s\2 

= Km f sig " ( *~ g) ($i(*,s) - *i(X,t))d8, 

Je<\t-s\<± \t~s\2 

where sign{t) = 1 if t > and sign(t) = — 1 if t < 0. Hence, using change of variables (see 
(USB]) ), we get 

Hence, applying Young's inequality in f|3. 1 1 [> . we have 

(3.12) \\f*MiA <2~\ E \\D Xh f*<l>i\\iA + \\D?f*<lHhi) *> 2 - 

l<k<n 

Hence by (|3.12p . we have 

11/11 a,la=ll/*^IUl+ E 2Q il/*^H^ 

1 1<1<00 

< (ii/*v>iki + ii/* E 2(a ~ 1)l ( E iPx fc /*^iUi + p t v*^n L i 

2<«<oo l<fc<n 

<(ii/ii a -^ a - h + \\Dxj\\ a _ 1>Ja _i + iiavii a _x,i _a). 

Hence, we completed the proof of Theorem 13.41 □ 
By (|2.2p . (|2.3p and Theorem 13.41 we get the following Corollary; 

Corollary 3.5. (1) Let 1 < p < oo and a G R snc/i i/iat 2i < a < 2i + 2 for positive 
integer I. Then f G Bp'^(R n+1 ) i/ and only if f, D p x f,D\f G B£~ 2i, * a ~ i (R n+1 ) 
for all |/3 1 = 2i. Furthermore, 

11/11 a, la a-2i,|a-i+ E ' ' ^ ^ ' I « — 2 i , + 1 1 / 1 1 a-2i, 1 a -i • 

|/3|=2i 

(2) In particular, for 1 < p < oo, we Ziawe 

+ e / / |cfv/( * + - " = 2P * P " /(x " Y - '"W* 

.^JrJr.xr. |y|»+p(«-2.) 
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and 

\Dif(X,t)-Dlf(X,s) 



ll/H .i a ~ + sup 

V- \DxHX + Y,t)- 2Djf(X, t) - D x f(X -Y,t)\ 

Proof. Applying Theorem 13.41 two times, we obtain one side of (1). To show that the right 
side of (2) implies the left side of (3), we replace _ i7r 2^s +ir <ft(g, r) by jz^\^+^f^> T ) 
in (|3.1ip and apply the proof of Theorem 13.41 (2) holds because of (1) and (|2.ip . □ 

4. Parabolic Sobolev and parabolic Besov space in R£ 
If % is non-negative integer, we define the parabolic Sobolev space oo 

by 

W^(R?) = {/ | D x D l J € LP(R?), < |/3| + 2/ < 2,}, 
so that the norm in Wp'\B%) is defined by 

w^(R-) = { E / / n \D P x D l J(X,t)\PdXdty , l<p<oo, 

2Z+|/3|<2i R T 

ff 2.,. (r) = V sup \D x D l t f(X,t)\, p = oo 

2l+\/3\<2i ( JS -> t )^T 

Let 2i < a < 2i + 2. We would like to define parabolic Besov space £>p'^ a (R^). We say 
that / G £p'^(RJ) if and only if 



T ' \D P Y D\f{X + Y,t)-2D l lD l t f(XA) + D f lD l t f{X-Y,t)\P 

\ X tJ\ * f , v ',/ x * M '-J^dXdYdt < oo 

y n+p(a— 2ij 



'0 JR"xR" 

if 1 < p < oo and 

I + V r snn \DxD l tf(X,t)-D x D[ 



\D x D\f{X + Y,t)- 2D x D l J(X, t) + D x D l J(X -Y,t)\ 

+ SU P T771 ^ 



< oo. 



Proposition 4.1. Lei 1 < p < oo. Suppose that there is a bounded linear operator E^n : 
Wp % ' 1 (RJf) — > C2i(R n+1 ) for all non-negative integer i and 1 < p < oo such that En^f = f 
in R£. Then for < 6 < 1, i < I, we get (Wp 2M (R£), ^'''(RJ))^ = £p'^(R£), w/iere 
a = (1 — 6>)2i + 6»2Z. 



(4.1) E 2 f(X,t) 
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Proof. Applying Theorem 4.12 and Corollary 4.13 in [3], for i € N, 1 < p < oo and < 
9 < 1, we obtain that (JJ>{n n+x ),Wp i '\W l+1 )) 6p = bf e ' i6 {Yi n+1 ). Using the Proposition 
2.4 and the Proposition 2.17 in |llj . we obtain Proposition 14.11 □ 

To apply the Proposition ^. 1\ we define extension operators from W^'^R^J to C^ i {YU l+l ) 

and from Wp 2M (R£) to C p 2i (R n+1 ). For / G Wp^ (R£,) we define extension E 2 f of / by 

f(X,t), t>0, 
£i<;<2i+i t<0, 

where the coefficients Ai, ■ ■ ■ , X 2 i+\ are the unique solution of the (2i + 1) x (2i + 1) system 

of linear equations 

]T (-j)% = l, 1 = 0,1,-.. ,21 

l<J<2i+l 

Then Efe/ € w£ M (R n + 1 ) with £ 2 /| RSo = /, ||^/|| w », 1(Rn+1) < c||/|| w 2 i>i(R ^ ) (see Theo- 
rem 4.26 in [1]). 

We apply flU) to define the extension operator in W^R^). Let g G W^R^). We 
define an extension E3 by 

f Ei<,< 2i+ i A ^-ii) -T<t<0, 
£7 3 s(*,*) = 0(t) < g(x,t) 0<t<T, 
( Ei<,<2i+l Aj0(*> -j(2T - t)) T <t < 2T. 

and Esg(X,t) = otherwise, where G C£°(R) such that 9 = 1 in (0, T) and supp9 C 

(-T,2T). Then -E 3 3|r,£ = 5 and ||£ ; 3fif|| W M,i (R „ +1) < MI^^r™)- 

By Proposition 14.11 we have the following theorem. 

Theorem 4.2. Then, for < a and 1 < p < 00, Bp'^ a (R^) is real interpolation space, 
that is, (LP(R50, W^'CRSOW = £p (1 ~ 9)i,(1 ~ e)i (R?0, < T < 00. 

Theorem 4.3. Then, for a > 2, and 1 < p < 00, / G £>p' 5Q (R^,) i/ and onh/ i/ 
/, D Xk D Xj f, D t f G Sr 2 '^" 1 ^), < T < 00. 

Proof. Because of the similarity of the proof, we consider only the case of R^. We define 
extension operator, 

f(X,t) t>0, 

T.i< j <^i(-j)^f(x,-jt) t<o. 

Then, E A : Wp 1 ' 2 ' 1 ' 1 (R 1 ^) -4 Wp 1 ' 2 ' 1 ' 1 (R n+1 ) , < I < i is bounded operator and so by 
we get E 4 : Bp'^ a (B^) -4 B^^R"* 1 ), a > 0, 1 < p < 00 is bounded operator. 
Note that 

(4.2) D Xk (E 2 f) = E 2 (D X J), D Xt D Xk (E 2 f) = E 2 (D Xt D Xk f), D t (E 2 f) = E 4 (D t f). 



E 4 f(X,t) 
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Let / G £p' 2Q (R™ +1 ). Then E 2 f G Bp 2a (B n+1 ) and by Corollary E21 we have 

E 2 f, D Xk (E 2 f), D XiXk (E 2 f), D t (E 2 f)eBp~ 2 ' h ~\R. n+1 ). 
Hence by (|4.2p . we have 

(4.3) /, D Xh f, D Xi D x J, D t f G B;- 2 ' ha ~\^ n oo). 



Conversely, suppose that (|4.3p is true. Then 

E 2 f, E 2 D Xk f, E 2 D Xi D x J, E A D t f G B a ~ % ^ (R n+1 ) . 

By and Corollary [331 we have E 2 f G Bp^ a (R n+l ). Hence E 2 f\ R n o = f e Bp'^ a {fl). 

□ 

Remark 4.4. Let a > 1. If u £ Bp'^ a (W^), < T < oo. Combining Theorem \4-S\ and 
Theorem \4-3\ we obtain the estimate 

(4.4) \\D x u\\ ,11 < Hull i 

5. Proofs of Theorem 11.11 

a-s.. 

In this section, we study the relation of usual Besov spaces B p p (R n ) and parabolic 
Besov spaces 

_ 2 

Theorem 5.1. Let < T < oo. Let f € B p p (R n ) and u be defined by Sl.l\) . Then, for 
1 < p < oo, we have 

(5-1) IMIlp(r™) < 11/11 -| 

T B p p (R n ) 

(Compare with the section 1.8.1 in |22|). 

We introduce a function </>' G S(R n ), the Schwartz space in R n , such that 

4>\t) > 0, on 2" 1 < |e| < 2, 
</>'(£) = 0, elsewhere, 

]T 0'(2-e) = i, (e/o). 

— oo<i<oo 

We define functions (f/ it ip' G 5(R n ) whose Fourier transforms are written by 
( , 2) M) =^'(2-U i = 0,±l,±2,--. , 

1 ' ; no = i - Ei<«oo ^(^o- 

As we defined the parabolic Besov space, we define a Besov space in R n . For a G R we 
define the Besov space £>p^ a (R n ) by 

B^ a (R n ) = {feS'(R n )\\\f\\ „i«<oo} 
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with the norms 

„i„ = = 11^ * fhv + ( E ( 2 "H^ * /M 9 )«> 1 < 9 < oo, 

' 9 1<«<oo 

„i„ : = sup(||^' * 2™U*f\\ LP ), 

ct — ol at —gl 

where * is a convolution in R™. When p = g, we simply denote B P p 2 by B p ' 2 . 

Lemma 5.2. Let #'(£) = ^'(O + ^'^O + ^'C 2 ""^) and $'(£) = ^ / (2- 1 O + 0'(O + ^'( 2 O- 
Let cjx(£) = $'(2 _i £), i > 2 and let p ti (g) = 6^)e"*l ? l 2 /or each integer i > 2. Then, 
Pti(O s ' are L p (R n ) -multipliers with norms M(t,i) for 1 < p < oo. Furthermore, for t > 

(5.3) M(M)< e -^ 22i E ^ 2a <e-^ 22< , 

0<KL 

w/iere L = [§] + 1. 

Proo/. Let t > 0. The L p (R n )-multiplier norms M(t,i) of p ti (£) are equal to L p (R n )- 
multiplier norms of p ti (£,) = (^)e~* 22 '^' 2 (see Theorem 6.1.3 in [2]). To prove our lemma, 
we make use of the Lemma 6.1.5 in [2]. Let (3 = (/?i, • • • ,/3 n ), where /3, are non-negative 
integers. Then, we have 

0<K|/3| 

where x is a characteristic function. Let L = [^] + 1 and = Then by Lemma 6.1.5 in 
[2], the L p (R n )-multiplier norms of p ti are dominated by 

II^HSJm) sup ll^H^^^e-^ E 
This completes the proof. □ 

Proof of Theorem \5.1\ Since the proof is similar, we only show in the case 1 < p < oo. To 
prove Theorem EU we use t£'(£) + ^ Ki<00 fti^O = 1 for all £ G R n . Note that 

oo 
i=2 

where u is the Fourier transform in R n . Hence, we have 

\u(X,t)\PdXdt<Cp f T [ |^ 1 ((*'(O^(O + * , (O0i(O)e- t|€|a /)| p ^ 
+ c P / T / |^( E *i(0e- t|f|3 ^(0/)l p ^- 

JR n 2<i<oo 



JR 
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Note that by Young's inequality, we have 

(5.4) f \T(-,t) *^'\dX < [ \&(X)\dX < oo, 
Applying Young's inequality again, the first term is dominated by 

(5.5) J (II/* ^|| LP(R") + 11/ * ^'iIIlp(R«))^- 

Since $^(£)e _t '^ 2 are L p (R n )-multipliers with norms M(t,i) (see lemma [5T2|) . we have 

T 



< 



1 Jf-'i E ti(®e- m2 mf)\ P dXdt 

R ™ l<i<oo 

/ ( E M(t,i)||/*^|| LP ) P ^ 

1/0 t2 2i <l 

+ / ( E m(m)||/*#||l,) <a 

^° t2 2 »>l 



/l + / 2 - 



By Lemma |5.2| for i2 < 1, we have M(t,i) < . Since a < -, we take a € R satisfying 
a — I < a < and using Holder inequality, we have 



h< [ ( E E 2 pai \\f*ti\\ut 

t2 2 »<l i2 2i <l 

< f T t > E 2^||/*^||^,dt 

1/0 t2 2 '<l 

< e 2 po ii/*^ni P r ^ 



Kj< 00 



c e 2- 2 ii/*^ 



l<j<oo 



Now, we estimate I 2 . By Lemma [OJ we have that M(t,t) < {t2 2i )~ m Eo<i<L ^2 2 " < 
2 (2L-2m.)i t L- m for ^2i > 1 an d m > 0. Let us take m and 6 satisfying 6 > and |(2L - 
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2m) + \pb + 1 < 0. Then, we get 



lL — UI II f , // I 



* ^Wlv ) dt 

~t2 2i >l 



i 2 < [ 2 ^ L ' 2m H 

J ° t2 2i >l 

f'OO . 75—1 



i2 2i >l t2 2i >l 



/■oo 

< / t f(2L-2m)+I p 6 J- 2P W 2P( 2L - 2m ) i ||/*^||P p rfi 
^° t2 2i >l 

/■oo 

< V 2^2 p ( 2L - 2m )l/*^||P p / t^ 2L - 2m ^ pb dt 

— In — 2i 

Ki<oc Jl 



= c z- 2i \\f*ti\\%- 

l<i<oo 

Hence, we complete the proof of theorem I5.ll □ 

Theorem 5.3. Let 1 < p < oo and i be a non-negative integer. Let / E B p(R n ) and u 
be defined by M.l\) . Then, for T > 0, we have 

(5-6) IMIvy„ 2 "(R") ~ ll/ll w-a 

Proof. From Theorem 15.11 (|5.6[) holds for 2 = 0. 

Let i > 0. We denote A = Ei<fc<« and A ' +1 = AA ' for 1 > 2 - Since D t D x u ( X i = 
A l D^u(X,t) =< A l D x f,T(X -;t)> for \p\ + 2l< 2i, by Theorem EU we have 



D l t D x u\\ L]>m) < ||A^/|| _ f < ll/ll 2i _ 



2 



For the last inequality, we used the well-known fact 

(5-7) II/I|S«(R«) ~ ll/lls«-l(R») + IPx/|| B «-l( R n) 

for each a € R and 1 < p < oo (see [2]). This completes the proof of Theorem 15 .31 □ 
In fact, for i > 1, 1 < p < oo the Theorem 15.31 is known result before (see |13|). 

_ 2 

Theorem 5.4. Lei / <E B p p (R n ) and u be defined by Then, for 1 < p < oo, 

(5-8) ll/ll _i < ||n|| iP(R n). 

B P P (R") T 

Proof. Since the proof of the case p = oo is similar, we only prove the case 1 < p < oo. 
Note that the L p (R n )-multiplier norms of 0'(2-^)el 2 l «l 2 are equal to the LP(R n )-multiplier 
norm of (j)'(£)e^ 2 , where (j)' is defined in (|5.2p (see Theorem 6.1.3 in [2]). Using Lemma 6.1.5 
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in [2], we have the L p (R n )-multiplier norm of (f)'(^)e^ 2 is finite. Hence, for 1 < p < oo, we 
have 

(2-^11/ * = 2" 2 '' / \T-\^\2-%e^\ 2 e-^\ 2 f)YdX 

< 2- 2i [ \u{X,2~ 2l )\ p dX 
JR" 

\u{X,2~ 2l )\ p dXdt 



< 



2~2i+2 

2iN 



2i 

2~2i + 2 



< / / (2-^ n+2 ) / u(Y, s)dYds) p dXdt 

J2" 2i JR" ^J,_i_i^,_2ix 



< 



2 -J-l(jf i 2- JI ) 



2~ 2i+2 

u{X,t)\ p dXdt, 



where J r (X, t) = {(Y, s) € R n+1 \ \X-Y\<r, \t - s|i < r}. Hence, we have 

/9-2i /R" 



l<i<oo l<j<oo ' 

-1 

|u(jr,f)| p <iXttt 



< 



JR" 



< 



/ / |n(X,t)| p (iXdt. 
io JR" 

Similarly, the L p (R n )-multiplier of T//(£)e2^l is finite. Hence, we have 

JR" ^ 



/ / |u(y,s)| p (iydsdx 

JR" JJi(X ,|) 

/ / |u(Y,s)|Wds. 

JO JR" 



Hence, we proved Theorem 15.41 when T = 1. For general T > 0, we use scaling. Note that 
v(X,t)=u{T*X,Tt)= [ T(X -Y,t)f T (Y)dY, 

JR" 



where Jt(Y) = f(T'^Y). Hence, we have 



\v{X,t)\ p dXdt = cT- n ¥ f [ \u(X,t)\ p dXdt. 

B p p 'Jo J"r" Jo JR" 




Since ||/|| _2 <t ||/t|| _a, we obtain Theorem 15.41 for general < T < oo. 

□ 
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W-2 

Theorem 5.5. Let 1 < p < oo and i be a non-negative integer. Let f E B p p (R n ) and u 
is defined by Then 

(5-9) ll/H 2l _| < \\u\\ w 2i, i(Rri y 

Proof. In Theorem 15.44 we have (|5.9p for z = 0. Let i > 0. Notice that for \/3\ < 2i, we have 
D p x u{X,t) = c n ^ n t"^e~ ]J£ ^D^f{Y)dY. By fl57FD and f^8]l . we have 

|/3|<2i p 1 ' \P\+2l<2i 

This completes the proof of Theorem 15.51 □ 

Combining Theorem 15. H -Theorem [531 and by the real interpolation property, we obtain 
the result of Theorem II. H 
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